The geometric transitions from the evolution in the complex plane of time provide channels for particle production for a quantum field in expanding universes. The production rate for one pair is obtained by squaring and summing the scattering matrix between the in-vacuum and the transported one over all possible independent closed paths of winding number 1.
Introduction
Hawking radiation in a black hole, Gibbons-Hawking radiation in a de Sitter space, and Schwinger mechanism in a constant electric field are the most prominent particle production from the vacuum. The out-vacuum may be superposed of multi-particle states of the in-vacuum and their amplitudes square is the probability for those particles to be spontaneously created from the vacuum [1] . The phase-integral method, one of tunneling pictures, provides the probability for scattering over a barrier and penetration under a well, which give a physical intuition behind pair production [2, 3] .
Recently it has been proposed that particle production may be understood by extending the quantum evolution to the complex plane of time in the in-in formalism [4] . The idea is that the geometric contributions from the poles of an analytic Hamiltonian in the complex plane are responsible for not only particle production but also the Stokes phenomenon in de Sitter radiation [5] . In this paper we elaborate further and apply the geometric interpretation of particle production to expanding universes.
Geometric Transitions and Stokes Phenomenon
Let us consider the quantum evolution of a time-dependent oscillator
with time-dependent frequency and/or mass, whose initial state propagates by the evolution operator expressed in the time-ordered integral (units of = c = 1)
On the real-time axis, the number statesâ † (t)â(t)|n, t = n|n, t are non-degenerate, provided that ω(t) > 0, and constitute a basis. Then, arranging the energy spectrum as H D (t) = ω(t)diag(1/2, · · · , n+ 1/2, · · · ) and the energy eigenstates as Φ T (t) = (|0, t , · · · , |n, t , · · · ), we may write the evolution operator in the form [4] 
where the induced gauge potential is an off-diagonal matrix A = iΦ * (∂Φ T /∂t). Here T and * denote the transpose and the dual operations and the time-ordered integral is understood as a matrix-valued operation, which is not commutative in general. Hence the in-in scattering matrix in the real-time dynamics is trivial since ψ(t 0 )|ψ(t 0 ) = 1, unless there is a level crossing. However, the rich structure in the in-in formalism can be revealed by extending the HamiltonianĤ(z) to the whole complex plane of time. Though requiring a rigorous mathematical analysis, we simply assume that an analytical operatorĤ(z) exists in the whole complex plane, reducing to the HamiltonianĤ(t) along the real-time axis, and has an orthonormal basis n, z|m, z = δ nm . To illustrate the essential concept of complex evolution, we consider a complex frequency
where f (z) is an analytic function with a finite number of simple poles at z j and another simple pole at z = ∞. The pole at z = ∞ under a conformal mapping z = z(t) covering the whole complex plane originates from external backgrounds and leads to the instanton action for particle production. Two pairs of branch points for the square root occur in quantum motion of a massive particle in the global coordinates of a de Sitter space and also of a charged particle in the Sauter-type electric field. The model frequency (4) exhibits an interesting feature, the so-called Stokes phenomenon, but may be extended to more general cases. To make (4) analytic in the complex plane, we cut the branch lines as shown by double lines in Fig. 1 that connect each pair. The analytic continuation in Fig. 1 contrasts the quantum evolution in this paper with that starting from a past real time to a future real time, whose path encloses branch points as level-crossings for geometric transitions [6, 7] . The scattering matrix between the in-vacuum at t 0 on the real-time axis and the transported one along a closed clockwise path C(z) with the same base point t 0 in the complex plane is to the lowest order of the Magnus expansion
Then the production rate for one pair is the sum of the scattering matrix square over all independent paths [4]
Here C
J exhausts all possible independent closed paths which are classified by the homotopy class for the simple poles and have the winding number 1. The higher winding number corresponds to multiple pair production.
To be more specific, denote the residues of simple poles by Res(ω(z j )) and Res(ω(∞)), respectively. Then the particle-production rate takes the form
Note that the geometric contribution from the pole at infinity is universal and also that the particleproduction rate involves double summation: a sum over independent paths and another sum of the residues from the poles inside the path. There is always a closed path not enclosing any finite simple pole, whose geometric contribution is unity due to zero residue except for the contribution from the infinity. The real residues from finite simple poles either suppress particle production for positive signs or enhance particle production for negative signs. The pure imaginary residues at finite simple poles can result in constructive or destructive interference depending on the set of simple poles and their residues, which explains a geometric origin for the Stokes phenomenon for particle production [4] .
Particle Production in Expanding Universe
A complex massive scalar φ in a (1+1)-dimensional Friedmann-Robertson-Walker universe with the conformal metric
has the Fourier-decomposed Hamiltonian
where π k =φ * k and π * k =φ k . To illustrate the geometric transitions for particle production, we consider two conformal spacetimes: (i) a 2 (η) = (A + B tanh(ρη)) 2 and (ii) a 2 (η) = A + Bsech 2 (ρη), (A ≥ 0, B ≥ 0). We map a Riemann sheet of complex time η to the whole complex plane z via the conformal mapping e ρη = z, (−π/ρ < arg η ≤ π/ρ).
In the case (i), the contour integral takes the form
.
The simple pole at z = 0 from infinity and the finite simple pole at z = i contribute to the contour integral while another pole at z = −i is excluded for the causality reason, which yield
The first term comes from a path not enclosing any of ±i and the second term from a path enclosing i. The result (11) is the same as the pair-production rate (47) of [2] in a vector potential A (t) = −E 0 tanh(t/T ) and may be compared with (3.11) of [9] in the conformal metric a 2 (η) = A+B tanh(ρη), (A ≥ B). In the second case (ii), the contour integral becomes
The simple poles are still located at z = ±i, but their residues are pure imaginary. So the particleproduction rate for B > 0 is
There is a constructive or destructive interference among four independent paths, which leads to the Stokes phenomenon. In the opposite case of B < 0 for the scattering over a well, the particleproduction rate has a similar form as (11). A model of particular interest is B = ρ 2 p(p + 1), which corresponds to the Pösh-Teller potential for a natural number p and whose reflectionless scattering explains no particle production [8] . For large p the particle-production rate is approximately given by
and vanishes for a natural number p as expected. Hence the Stokes phenomenon is a geometric effect of interference among independent paths in the complex plane, and similar phenomenon has been observed in Schwinger mechanism in certain electric fields [3] and de Sitter radiation [5] .
Conclusion
In the complex-time dynamics, the transported in-vacuum along a closed path of non-zero winding number carries useful information about particle production. The square of the scattering matrix between the in-vacuum and the transported one along a closed path of winding number 1 gives a channel for particle production for one pair, and the particle-production rate is the sum of all possible independent channels. Particle production and the Stokes phenomenon has a geometric interpretation.
